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Denote by s, the nth order Fourier polynomial of the odd function f of period
2n equal to 1 on ]0, n[. The Gibbs phenomenon is caused by the well-known fact

that
. nx "X sin ¢
lim s, <—n—> = — dt.

n— o 0 4

An analogous Gibbs phenomenon is caused by a similar limiting behaviour
of s}, the nth order trigonometric polynomual interpolating f at ja/n (1 <;<2n).
€ 1995 Academic Press, Inc.

Let / be a periodic real-valued function on R with period 2z, of bounded
variation on [0, 2z], and with a jump discontinuity in € [0, 2n]. Let s*
be the nth order trigonometric polynomial of the form

%* n—1 *

a__°_+ Y (a,j‘coskx+b,’:‘sinkx)+921cosnx (1)

sp(x)==
k=1

which interpolates f at the points

Let the index m be defined by
xm<é<xm+l' (3)

As n— oo the functions s exhibit a Gibbs phenomenon just as do the
partial sums s, of the Fourier series of f. This has been shown in [1] by
investigating the behaviour of s}, s*', and 5" in the points

km

— (1<k<2n) as n— w.
2n

X, +
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The purpose of this note is to supplement these results by the following
assertion. Without loss of generality suppose

for E<x<&+n

flx)=40 for x=¢&x=¢+n (4)

—1 for E—n<x<{

THEOREM. Suppose x + s¢ Z. Then

. n  7X
lim s* <x,,, +—+ ——)
2n  n

n— o
Xm# &

Cos X 1 x 16k
= . 8x - , 5
7 8"{1—4x2 kg‘l[(4kal)2—4x2][(4k+1)2—4,\’2]} (3)

. A X
lim sF (x,,,+—-—+——>
naj:(: Zn n

_cos X { 1 _ i 6dkx } (6)

T oo -2y Z [(Bk—1)P—ax[(4k +1)2 —4x?] )’

In (5) the index n runs through those values for which x,, <¢&; in par-
ticular, this condition is satisfied for every n if £ is not a rational multiple
of 7. In (6) the index n runs through those values for which x, =& If
x+ 3eZ then x,,+ n/2n+ ax/n coincides with one of the nodes and the
limits in (5) and (6) coincide with the corresponding values of f.

The theorem establishes an analogy with the well known fact [3, 11.9]
that

lim s, <§+E>=3f"xﬂl—’dz. (7)
n

n— ox T Yo t

The wave-shaped graphs of the functions defined by the limits (5), (6) and
(7) respectively are responsible for the Gibbs phenomenon in case of
Fourier interpolation resp. approximation.

For the proof note that for f as in (4) the function s is given by

(=)™ ™ (—1)sinny
no Zsin(y =X,
(=)™ 2 (—1)sinny

n j:lsin(y—xm-i—j)

if n is even,

sy(y)= (8)

cos(y — X, ) if nis odd
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[1] where

n*={n if x, <, 9)

n—1 if x,=¢&

In order to simplify the proof we shall deal with the case of even n.
Keeping in mind that cos y — 1 for y — 0 the reader may check the validity
of the arguments also for odd n. Putting y = x,, + n/2n + nx/n in (8) we get

n* i+ 1
. _’E’L"):-<.l>.1 S el
s} <xm+2n+ " sin x+7 )7 nj; . <2j—1—2x ) (10)
sin { ——~7
2n
LemMa 1 [2]. Let ae ]0, I be fixed.
Then
lnf[:xn] (_l)j-#—l
lim - =0.
Jim ) - (2,'—1—2.\- >
/=) sin | ————n
2n

Proof. Since 1/sin yr is continuous in [a, 1 —a«], the limit above
amounts to

1 (1-= dy 1 rl—x dy
— - — =0,
2n L sin yn 2n L sin yrm i

LEMMA 2. Let the positive real numbers h and & be given. Then there
exists an xy >0 with the following property: for every a <a, there exists an
index N, &) such that for every n> N(a, &) and for every choice of [an]
real numbers k; satisfying

0<k; <
k; 4Om}for 1</ [an]

k;#h
one has
LI I !
= sinkj—lln sinkj+hn
2n
1t 4n

=— s h 3 1
= 2 kf~h2+6 where (0| <e¢ (1

=1
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Proof. The Taylor series expansion of sin y furnishes

lim <__‘__l>/ _1
yoo\siny y s

1 1
—.——=—+Z+0(y) as y—0.
siny y 6

Choose aq€ 10, ¢/2z[ such that Jo(y)] <&/3 as soon as |y| < 2a,x%. Then for
n> hf4(a, —a) = N(a, &) one has, uniformly for 1 <j<[an],

1 1 2n 2n hn

k—h Sinkj2+hn nlk,—h) nlk,+h) 6n
n

+ 6,

sin

where |6,] <2¢/3 and An/6n <¢/3. This implies (11). J

Proof of the Theorem. Consider first the case x,, <& (3) which implies
n*=n (9). It suffices to consider the factor of sin(x + 1)z in (10). Given
any ae |0, I let ny=[an]. By Lemma | we have

1 n (__1)j+l
lim -
n_.ocnjg‘ls,m2j—1—2x
2n
1 n (_l)j+l n (_1)j+]
=l - _— —_—
o .§, TS T 2j-1-2x
/=lgin —————n /=" "*lgin —————nm
2n 2n
) 1 ny (_1)j+1 n (_1)j+l
im -]y ———2 4 ¥ :
n—oc A j=lsin2]—l—2xn f’"‘"‘*‘sin2x+2(n_J)+ln
2n 2n
1 ny (_l)j+l n—1 (_1)j+l
= lm -
o n E, 2j—i-2x T _§0 T x4+ 2,41
sin ——=xn TV sin———n
2n 2n
1 & . 1 1
= lim - —~1y+! — 12
ni";ngl( ) T I P R YIS e P G
sm-——2-n~———7z Sln———z—n—'ﬂ

We now apply Lemma 2 separately to the two sums in which j respectively
runs through the odd and even values. If first n tends to oo and then «
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together with ¢ tend to zero, then the last limit above turns out to be
equal to

8x Z . 1

- [ R VA b

n j“;,( 2 (2j—1)* —4x?
_8xf 1 +i 1 B 1 }
T 1-ax? T 2 Ak +1)2—4x? (4k—1)2—4x?
C8xf 1 —i 16k
T 1 —4x? 2 [(Gk+ 1) —4xP][(4k —1)2 —ax?]§’

If x,,=¢& (3) then n*=n—1 (9) and in (12) the term for ;=0 has to be
omitted. In the limit itself this amounts to an addition of (2/x)- 1/(1 + 2x)
which results in formula (6).

Remark 1. If the definition of f as in (4) is changed by putting f(&)=c¢
(and for convenience f(&+ )= —c), then for x,,=¢& in (12) the term for
j=0 has to be replaced by its ( —c)-fold. In the limit itself this amounts to
an addition of (2/z)- (1 + ¢)/(1 + 2x) which results in the formula

. T nx
lim s} <x,, +—~+—>
n—s 0 2n  n

_sin{x + 3)= { 1 ¢
T U 2x T1xax
i 64kx
oo [k — 1) —ax?][(4k + 1)? —4x?] ]

Remark 2. In order to compute the limit functions up to an error <g
the series may be approximated by a partial sum of at least
K=1(/32/ne+4x*+5) terms. (If &<8/nx? then the error may con-
veniently be majorized by integrals from K—1 to oc.) On the interval
[0, 10] the values of the functions (5) and (6) may be computed with an
error smaller than £ = 10~° by adding up 255 terms of the series. In agree-
ment with the assertions in [ 1] on the limiting behaviour of s¥ for n— «
the maxima computed in this way are

1,28228 ... for x=0,917 ..in (5),
1, 06578 ... for x=0,877..1in(6),

while the function (7), as is well known, obtains its maximum

1, 17898 ... for x=1
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Remark 3. The main idea of this note is already contained in the
following result of de la Vallée-Poussin [2] [4, X example 11}].
Suppose

Xm<5 <xm+l
and let
_ n(f_xm)

n— )

0

1e.,

Define for 0 <0 <1

1

sinzf & (—1) sin n{)fl 17

0:
i) n j§00+j n Jol+1¢

Then

"n— X

In fact, in the same way as in the proof of the theorem one obtains for
any x¢ Z

: i 0 (1Y E (—]1)yYH!
lim s”}‘(_xm_}_%}_):Slnﬂ.x{Z( 1)/+Z( 1)/ }

n- o T j:]x_j =0 X+j

sinzx (= (=1) * o (—1)
- {Z - -+,~}

n SSel—=x+j Tix

=y(l —x)—y(x). (15)

This agrees with (14) but interprets this formula also for values of x off the
jump abscissa. At the same time this shows that for 0 <x <1 (i.e., between
x,, and x,,, ;) the limit function (15) may be written in the form

) ax\ sinzx (1t — !
lim s*(x, + )= [—=—a
n— o 1 n 0 1 +1
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As a consequence, for x,, < ¢ one has
o T X
im s*| x,, +—+—
n—0 2n  n

o(i-)-s oo

cosmx g V22X _p-12+x 1 I
Tz jo 1+1¢ dt <—§<x<§>_

Remark 4. Formula (15)—and therefore also (5) and (6)—may also be
derived from the interpolation formula

s,’f(}‘)=%sin n{y—xg) i M

j= o

(16)

Y= X4y

[2] [4, X example 1] applied to f as given in (4), where 5% is as in (1) and
x;is as in (2). For y=x,, +nx/n and x, = x,, formula (16) may be written
as

nx\ sinzmx X (—1)/(—Dtu-biml
st (i 2) <2 Y |

X+ — :
n T xX—j

j= -

Taking into account that the function 1/(x + y) is ultimately decreasing
and convex as a function of y for y — oo one obtaines

sk (x,,,+ff>=smm<}"_j (_1).j—"l(—l)f>+o<l>
n n X—J [ToxtJ n

j=1

as n— oo. This agrees with (15).

Remark 5. Recall that the digamma function ¥(x) is defined by

~dlogI*(Jc)_I”’(Jc) = (1 ] > C—l
nop \ n+X

Hlx)= A T(v) ~

X

where C is Euler’s constant. By (13) one has

i) :sinnnx [ W(.\'er l> _ <%>] .

By formula (15) this allows to express the limit function in terms of the
gamma function. This observation is due to N. Ortner and P. Wagner.
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